
Posterior Variance
• Existing analyses do not compute the posterior variance and deem it 

intractable; however, size-reducing linear combinations of the posterior 

variance are tractable (see Fig. 4)

• Typical analyses are interested in total hourly emissions, which we can 

calculate the posterior variance for by representing hours of interest via a 

matrix, 𝐴𝑇 ∈ ℝ24× 96×127×137 :

𝐴𝑇 ෠Σ𝐴 = 𝐴𝑇𝐵𝐴 − 𝐴𝑇 𝐻𝐵 𝑇 𝐻𝐵𝐻𝑇 + 𝑅 −1𝐻𝐵𝐴
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Introduction
• The atmosphere is composed of various gasses – for example CO2, 

O2, NO, CH4 – some are “greenhouse gases” (GHG) 

• Anthropogenic climate change is associated with human-produced 

GHGs, such as fossil fuel burning and agriculture, which needs to be 

quantified to monitor emissions goals [1]

• Berkeley Environmental Air Quality and CO2 Network (BEACO2N) is a 

2km dense in-situ network of ground-based sensors clustered over 

city centers that collects information on 6 gasses and particulate 

matter [2]

• Previous research has used BEACO2N sensors and a Bayesian linear 

atmospheric inversion model [3] to monitor emissions trends [1,4]

• In this work, we analyze posterior uncertainty, model performance, 

and model sensitivity, applying established statistical methods to 

carbon emissions monitoring for the first time

Linear Atmospheric Inversion Model
• The forward model represents sensor readings, 𝒚 ∈ ℝn, as a 

function of emissions, 𝒙 ∈ ℝ(96×127×137), linearly transported via 

atmospheric dynamics represented by matrix 𝑯 ∈ ℝn× 96×127×137 :

𝒚 = 𝑯𝒙 + 𝝐
𝒚|𝒙 ~𝑁(𝑯𝒙,𝑹)

• Prior emissions, 𝒙, are normally distributed with mean 𝒙𝒂 and 

covariance 𝑩, where 𝑩 is a spatial-temporal Kronecker product [5] 

of 𝑺𝒕 ∈ ℝ96×96 (Fig. 2) and 𝑺𝒙𝒚 ∈ ℝ(127×137)×(127×137) (Fig. 1):

𝒙~𝑁 𝒙𝒂, 𝑩
𝑩 = 𝑺𝒕 ⊗𝑺𝒙𝒚

• Then jointly we have:

𝒙

𝒚
~𝑵

𝒙𝒂
𝑯𝒙𝒂

, 𝑩 𝑯𝑩𝑻

𝑯𝑩 𝑯𝑩𝑯𝑻 + 𝑹

• The posterior of emissions (Fig. 3) is then given by :

𝒙|𝒚 ~𝑁( ෝ𝒙, ෡𝜮)

ෝ𝒙 = 𝒙𝒂 + 𝑯𝑩 𝑻 𝑯𝑩𝑯𝑻 +𝑹
−𝟏

y − 𝑯𝒙𝒂
෡𝜮 = 𝑩 + 𝑯𝑩 𝑻 𝑯𝑩𝑯𝑻 + 𝑹

−𝟏
𝑯𝑩

Results 

Conclusions
• Posterior emissions are consistently lower than prior emissions inventories

• Observed error tends to be higher than expected given the model, indicating 

underestimation of uncertainty in the marginal 𝒚|𝒙~𝑁(𝑯𝒙,𝑹)
• Midday sensor readings are the most sensitive to real-world changes 

• Spatial locations closer to sensors are more sensitive to real-world changes

• Increasing smoothing parameters decreases hourly emissions estimates 
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Figure 3: Example posterior, prior, and difference between posterior and prior 

Figure 1: Example prior spatial covariance for a 
single location, corresponding to a row of 𝑺𝒙𝒚

Figure 2: Example temporal covariance 𝑺𝒕

Figure 4: Example posterior mean and variance diurnal (left) and monthly (right) trends 

Figure 7. Local prior hyper parameter sensitivity with refits across spatial smoothing prior 
covariance hyperparameter

Self-Influence Functions
• Identify if small changes, ∆, in a segment, can be detected (Fig. 6) 

• Define:

𝒙 ∆ = 𝒙 + ∆, 𝒀(∆) = 𝑯(𝒙 + ∆), ෝ𝒙(∆) = ෝ𝒙 +
𝒅ෝ𝒙(∆)

𝒅∆
∆ + 𝜺

𝒅ෝ𝒙(∆)

𝒅∆
=
𝒅ෝ𝒙(∆)

𝒅𝒀 (∆)

𝒅𝒀 (∆)

𝒅∆
= 𝑯𝑩 𝑻 𝑯𝑩𝑯𝑻 + 𝑹

−𝟏
𝑯 = 𝑮𝑯

• Consider the ratio of the change of the posterior to the change in the prior, 

for some sets of points defined by matrix 𝐴 :

𝐴𝑇(ෝ𝒙(∆) − ෝ𝒙)𝐴

𝐴𝑇(𝒙(∆) − 𝒙)𝐴
=

𝐴𝑇((ෝ𝒙 + 𝑮𝑯∆) − ෝ𝒙)𝐴

𝐴𝑇((𝒙 + ∆) − 𝒙)𝐴
=
𝐴𝑇GH𝐴

𝐴𝑇𝐴

Prior Hyperparameter Sensitivity
• The prior covariance is a function of smoothing hyperparameters, 𝜏

• We can use local sensitivity to examine how small changes to the 

smoothing hyperparameters impacts the posterior by considering the 

derivative:
𝑑ෝ𝒙

𝑑𝜏
=

𝑑

𝑑𝜏
(𝒙𝒂 + 𝑯𝑩(𝝉) 𝑻 𝑯𝑩(𝝉)𝑯𝑻+𝑹

−𝟏
𝒚 −𝑯𝒙𝒂 )

• We compare the estimated local sensitivity to actual refits (Fig. 7)

Posterior Predictive Check
• Given a posterior mean ෝ𝒙, evaluate the model fit by considering (Fig. 5):

෡Y = Hොx

𝑀𝑆𝐸  =
1

𝑛𝑡
σ𝑖=1
𝑛𝑡 𝑌𝑖 − ෡𝑌𝑖

2
=

1

𝑛𝑡
 𝑌 − ෠𝑌

𝑇
 𝑌 − ෠𝑌 , RMSE = √MSE

Figure 6. Hourly self-influence and spatial self-influence
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Figure 5. Observed daily model error and aggregated day of the week error over one 
month of inversions compared to expected average model error
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